Relations between the longitudinal and transverse sound velocities in strongly coupled Yukawa fluids Two useful relations between the longitudinal and transverse sound velocities of the strongly coupled single component Yukawa fluids are derived. The first relates the sound velocities given by the quasilocalized charge approximation (QLCA) to the excess pressure of the system. This is shown to be a mathematical identity within QLCA, applicable to any soft isotropic interaction potential. The second relates the same quantities to the fluid sound velocity obtained via the thermodynamic route. Both three-dimensional and two-dimensional cases are considered. The accuracy of the relations is verified using the available results based on direct numerical simulations. The quasilocalized charge approximation 1 (QLCA) is a powerful tool to describe collective mode dispersion in systems of strongly interacting particles. Developed originally for the Coulomb liquids, 2 in the last two decades, it has been successively applied to various strongly coupled systems, including in particular, the one-component-plasma (OCP) and Yukawa systems in both three (3D) and two (2D) dimensions. 1, [3] [4] [5] [6] Comparison with direct numerical simulations documented good performance of the approach, at least for weakly and moderately screened systems (OCP and Yukawa fluids with interparticle separation smaller than several screening lengths). 4, [6] [7] [8] In this Brief Communication, we focus on single component Yukawa systems and put forward two simple relations between the longitudinal and transverse sound velocities, resulting from the QLCA approach. Yukawa systems are characterized by the repulsive interaction potential of the form VðrÞ ¼ ðQ 2 =rÞ expðÀr=kÞ, where Q is the particle charge, k is the screening length, and r is the distance between a pair of particles. The phase state of the system is conventionally described by the two dimensionless parameters, 9 which are the coupling parameter C ¼ Q 2 =aT and the screening parameter j ¼ a=k. Here, T is the system temperature (in energy units), n is the particle density, and a ¼ ð4pn=3Þ À1=3 (3D) or a ¼ ðpnÞ À1=2 (2D) denote the mean interparticle separation. The Yukawa potential is a reasonable starting point to model interactions in complex (dusty) plasmas and colloidal dispersions, 10, 11 although in many cases the actual interactions (in particular, their longrange asymptote) are much more complex. [12] [13] [14] [15] [16] [17] [18] [19] For a given interaction potential, the QLCA approach requires the equilibrium radial distribution function (RDF), g(r), as an input, characterizing the spatial order in the system. Then, the dispersion relations of the longitudinal and transverse modes can be easily calculated. In the long-wavelength limit, Yukawa fluids exhibit acoustic dispersion for both longitudinal and transverse modes. The expressions for the corresponding sound velocities in the 3D case are
where
is the 3D particle-plasma frequency, m is the particle mass, and x ¼ r=a is the reduced distance. The main idea is to produce such a combination of C 2 L and C 2 T that the terms proportional to j 2 x 2 under the integrals cancel each other, and relate the rest to the reduced excess pressure, which, according to the virial expression, 20 is
After some transparent algebra, we get
where c L and c T are expressed in units of thermal velocity,
. Note that since p ex is always positive for a single component system of repulsive particles, Eq. (1) implies c L > ffiffi ffi 3 p c T , which is to be compared with the general inequality for elastic waves in an isotropic medium, 21 c L > ffiffi ffi 2 p c T . For the 2D case, the sound velocities can be expressed as
where x p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2pQ 2 n=ma p is the 2D particle-plasma frequency. Following the procedure similar to the 3D case and using the 2D version of the pressure equation 
we immediately recover Eq. (1). Thus, Eq. (1) is an exact result for Yukawa fluids within the QLCA theory, applicable in both 3D and 2D cases. Moreover, it can be shown that Eq. (1) is a mathematical identity within the QLCA, which holds for any smooth (two first derivative of the potential with respect to distance are needed) isotropic interaction potential V(r). This is a nice exercise; the derivation is fully analogous to the special case of Yukawa systems considered above. Only a brief sketch of the derivation is therefore given. The interaction potential is presented in the form VðrÞ ¼ f ðr=aÞ, where is the energy scale. The generic expressions for the sound velocities within QLCA are then
where Dð¼ 2; 3Þ is the dimensionality, Table I . Combining this with the generic equation of state
Eq. (1) is immediately obtained. Thus, the applicability of Eq. (1) is not limited to the strongly coupled Yukawa fluids. However, it can be particularly useful for Yukawa fluids, because accurate practical expressions for p ex are available in this case. [22] [23] [24] [25] Its consistency with the numerical results available in the literature will be verified below. Now, we turn to the second relation between the longitudinal and transverse sound velocities. It originates from the observation that for an isotropic elastic medium, the longitudinal and transverse sound velocities can be expressed in terms of the bulk modulus, K, and shear modulus, G. For the 3D case, we have
where q ¼ mn is the mass density. Similarly, for the 2D case, we have
The thermodynamic sound velocity is defined as
Note that in the limit of strong coupling, the adiabatic index tends to unity for soft repulsive interactions, and the difference between the conventional adiabatic sound velocity and isothermal sound velocity becomes insignificant. We end up with the following relations between the longitudinal and transverse sound velocities
where the velocities are again expressed in units of the thermal velocity. The second of these relations has been discussed in the context of the acoustic velocities in the classical two-dimensional dipole lattice (point particles interacting via the repulsive / 1=r 3 potential). 26 Here, it is demonstrated that Eq. (4) is also relevant to the strongly coupled Yukawa fluids (at least in some vicinity of the fluid-solid phase transition), in both 3D and 2D cases, when c L and c T are evaluated using the QLCA approach.
We have verified the consistency of Eqs. (1) and (4) with the available results from theory and simulations. The results are summarized in Tables II (3D case) and III (2D case). The values of c L and c T were obtained using the original QLCA, combined with MD simulations to produce the radial distribution functions, in Refs. 27 (3D case) and 6 (2D case). The excess pressure has been calculated using the practical expressions proposed in Refs. 22 (3D case) and 28 (2D case). The thermodynamic sound velocities have been obtained using the procedures detailed in Refs. 29 (3D case) and 30 (2D case). The pairs of (j; C) values appearing in Tables II and III correspond to the isomorphs 31 C=C m ' 0:8 (3D) and C=C m ' 0:9 (2D), where C m is the coupling parameter at the fluid-solid phase transition, i.e., in all cases, the system is in fluid state, but relatively close to the crystallization.
In the 3D case, Eq. (1) is satisfied to a very good accuracy. Equation (4) demonstrates excellent accuracy in the strongly coupled regime near the fluid-solid phase transition. For the 2D case, the agreement is also good, except for the state point with the largest screening strength, j ¼ 3:0. This is not very surprising, because p ex and c Th have been estimated using the thermodynamic approach applicable for soft TABLE II. The longitudinal (c L ) and transverse (c T ) sound velocities (in units of thermal velocity) of strongly coupled Yukawa fluids in 3D evaluated using the QLCA approach with the input of RDFs from direct MD simulations. 27 The excess pressure, p ex , and the thermodynamic sound velocity, c Th , are obtained using the expressions from Refs. 22 and 29, respectively. repulsive interactions near the OCP-limit. 28 It has been documented to deliver good accuracy for j Շ 2:0, but apparently becomes much less relevant at j ¼ 3:0.
To conclude, two relations between the longitudinal and transverse sound velocities of strongly coupled Yukawa fluids in 3D and 2D have been discussed and verified. The first [Eq.
(1)] is a mathematical identity within QLCA for arbitrary smooth isotropic interactions in both 3D and 2D. Strongly coupled Yukawa fluids represent just one example of its application. The second [Eq. (4)] demonstrates that in strongly coupled Yukawa fluids, the QLCA longitudinal and transverse sound velocities satisfy the general relationships for elastic waves in an isotropic medium. It is very likely that it applies also to other interaction potentials, but no rigorous proof has been presented, and hence, this has to be verified in each particular case. The discussed relationships are likely to be useful in the context of complex (dusty) plasmas, where the repulsive Yukawa potential can serve as a reasonable zero approximation of the actual interactions between highly charged microparticles, and the studies of waves and instabilities in the regime of strong coupling constitute a major research topic. The author would like to thank B. Klumov and L. Couedel, who provided acoustic velocities listed in Table II , and Z. Donko, who provided acoustic velocities listed in Table III . This work was supported by the A*MIDEX Grant (No. ANR-11-IDEX-0001-02) funded by the French Government "Investissements d'Avenir" program.
TABLE III. The longitudinal (c L ) and transverse (c T ) sound velocities (in units of thermal velocity) of strongly coupled Yukawa fluids in 2D evaluated using the QLCA approach with the input of RDFs from direct MD simulationsi. 6 The excess pressure, p ex , and the thermodynamic sound velocity, c Th , are calculated using the expressions from Refs. 28 and 30, respectively. 
